Abstract. Algebraic-rational nature of the four-dimensional, F4-invariant integrable quantum Hamiltonians, both rational and trigonometric, is revealed and reviewed. It was shown that being written in F4 Weyl invariants, polynomial and exponential, respectively, both similarity-transformed Hamiltonians are in algebraic form, they are quite similar the second order differential operators with polynomial coefficients; the flat metric in the Laplace-Beltrami operator has polynomial (in invariants) matrix elements. Their potentials are calculated for the first time: they are meromorphic (rational) functions with singularities at the boundaries of the configuration space. Ground state eigenfunctions are algebraic functions in a form of polynomials in some degrees. Both Hamiltonians preserve the same infinite flag of polynomial spaces with characteristic vector (1, 2, 2, 3), it manifests exact solvability. A particular integral common for both models is derived. The first polynomial eigenfunctions are presented explicitly.
Introduction
In four dimensional Euclidian space there exist several remarkable completely integrable quantum systems originally discovered in the Hamiltonian reduction method (for a review, see [1] ). These are particular cases of the Calogero-Moser-Sutherland systems and all of them are characterized by a discrete symmetry given by Weyl group W , acting on root spaces A 4 , BC 4 , F 4 and H 4 . In such models, the potential has four possible forms (rational (∼ 1/x 2 ), trigonometric (∼ 1/(sin x)
2 ), hyperbolic (∼ 1/(sinh x) 2 ) and elliptic (∼ ℘(x))). All these 4D Hamiltonians are exactly solvable in terms of Weyl-invariant variables. For rational and trigonometric (also hyperbolic) systems, exact solvability was obtained in an explicit constructive fashion in [2, 3, 4, 5] . The spectrum is found explicitly, in closed analytic form being a first/second degree polynomial in the quantum numbers for the rational/trigonometric systems respectively.
The purpose of the present paper is to revisit the F 4 -invariant model in its rational and trigonometric forms showing how it looks like in the space of orbits, in the space of F 4 invariants. For the rational F 4 model it is mainly reduced to a review the results obtained in previous studies [4] (see also [6] ) and their reinterpretation. In addition, we show for the first time the explicit form of the ground state eigenfunction and the original potential in terms of Weyl invariant variables. For the F 4 trigonometric model we present a more succinct solution compared to our previous analysis [4] (see also [7] ), and we also present for the first time the explicit form of the ground state eigenfunction and the original potential in terms of trigonometric Weyl invariant variables. For both F 4 rational and trigonometric models the extra, particular integral [8] will be derived and it will be shown that is the same in the space-of-orbits. Eventually, it will be given a place to both models in the space-of-orbit formalism [9, 10] .
Generalities
The F 4 -Weyl-invariant Calogero-Moser-Sutherland Hamiltonian is defined as follows
where F 4 + is the set of positive roots, N = 4 is the rank of the root system (the dimension of the configuration space), and g |α| are coupling constants. For roots of the same length the same coupling constant g |α| is assigned. In (1) x denotes the (N = 4)-dimensional vector x = (x 1 , x 2 , x 3 , x 4 ). The potential consists of a linear superposition of the terms V((α · x)) of the argument (α · x) where α ∈ F 4 + is a positive root (see [1] ). For the rational case the four-dimensional isotropic harmonic oscillator potential is usually added to the Hamiltonian (1).
The set F 4 + consists of 24 positive roots:
α short = e 1 , e 2 , e 3 , e 4 , 1 2 (e 1 ± e 2 ± e 3 ± e 4 ) , |α short | = 1 ,
where e 1 , e 2 , e 3 , e 4 are the standard orthonormal vectors in the 4-dimensional Euclidean space. From a geometrical viewpoint, the short root vectors in (2) are, in fact, the vertices of the 4-dimensional 24-cell regular polytope (see [11] ), while the long roots are the vertices of its dual 24-cell. The rotational symmetry group of the 24-cell has the order 576. The full symmetry group of the 24-cell is the F 4 Weyl group (of order 1152), which is generated by reflections on the hyperplanes orthogonal to the F 4 roots.
F 4 Rational Model
In a four-dimensional Euclidean space with coordinates x = (x 1 , x 2 , x 3 , x 4 ) the Hamiltonian of the F 4 Rational Model is given by
with ν ′ s = even. The parameters g ℓ , g s are coupling constants associated with long and short roots respectively, and ω is the frequency of 4D-isotropic harmonic oscillator potential. The configuration space is the F 4 -Weyl Chamber.
The ground state eigenfunction of the Hamiltonian (3) has the form
i . where
are generalized Vandermonde determinants. The exponents ν, µ of the ground state eigenfunction (4) are connected to the coupling constants g ℓ , g s by the relations
and the ground state energy is
The eigenfunctions ψ n (x) of the Hamiltonian (3) have a factorized form
where the common factor ψ 0 (x) is the ground state eigenfunction (4) and n is multiindex given by four quantum numbers of the eigenstate. The functions φ n (x) in (8) are eigenfunctions of the transformed Hamiltonian
Then, the eigenvalue problem becomes
The Hamiltonian (9) acquires an algebraic form (i.e. the form of a second order differential operator with polynomial coefficients) when it is written in terms of an algebraically independent set of Weyl invariant variables defined as (10) t
where a = 2, 6, 8, 12 are the degrees of the polynomial invariants of the F 4 Weyl group, and α k are the roots of a conveniently chosen Weyl orbit Ω. In the present study, Ω was chosen as the orbit generated by the highest root 1 e 3 + e 4 with size |Ω| = 24. As a matter 1 Since the root e1 + e2 ∈ Ω(e3 + e4), the orbit actually coincides with the orbit used in the previous studies [4, 6] .
of fact, this orbit consists of all (positive and negative) long roots. The factor 1/12 in the definition (10) was introduced for convenience. The fact that the invariants of given degrees (10) are defined up to polynomials in invariants of lower degree was used in [6] to obtain a particular set of invariants of fixed degrees τ a , (a=2, 6, 8, 12) leading to a simple algebraic form of the Hamiltonian. These invariants are related to orbital ones (10) in the following manner
and are given explicitly in Appendix A. In terms of the τ 2 , τ 6 , τ 8 , τ 12 , the Hamiltonian (9)
takes the algebraic form where the coefficient functions 12 .
This algebraic Hamiltonian has infinitely many invariant polynomial subspaces of the form
12 | 0 ≤ 1p 1 + 2p 3 + 2p 4 + 3p 6 ≤ n , n = 0, 1, 2, . . . which are marked by the characteristic vector (1, 2, 2, 3) of minimal possible gradings for the invariants τ 2 , τ 6 , τ 8 , τ 12 , respectively. Incidentally, this characteristic vector coincides with the F 4 highest root among short roots when written in the basis of simple roots. Interestingly, the invariant subspaces (14) form an infinite flag
which we call minimal flag. Since the algebraic Hamiltonian h rat
(τ ) (τ stands for τ 2 , τ 6 , τ 8 , τ 12 ) preserves this infinite flag (15), thus it is exactly solvable (for a discussion see e.g. [6] ). The eigenfunctions from the spaces P There exists an algebra of differential operators for which the space P (1,2,2,3) n is the finitedimensional irreducible representation space [4] . This algebra is called f (4) . This algebra is infinite-dimensional but finitely-generated. The rational F 4 Hamiltonian in algebraic form h rat
(τ ) can be rewritten in terms of the generators of this algebra (see [4] ).
3.1. Flat Metric of the F 4 -rational Model. Gauge rotated Hamiltonian h rat F 4 (9) in algebraic form (12) can be written as
where the Laplace-Beltrami operator
with a, b = 2, 6, 8, 12 and g is determinant. The symmetric in a → b metric, g ab = g ba has polynomial in τ matrix elements
.
This metric has a special property: any component g b of the vector g in (17) is also polynomial in τ g = (8, τ 2 2 , τ 6 , 2τ 2 τ 6 ) . The same property has the vector C b (see (16)) which characterizes the interaction in (3)
.2. Spectrum of the F 4 -rational Model. Since the invariants τ 2 , τ 6 , τ 8 , τ 12 have a natural ordering given by their degrees, the Hamiltonian (13) has a triangular form in the basis of monomials τ
The spectrum is easily obtained:
The spectrum (19) does not depend on couplings g ℓ , g s and is equidistant with a degeneracy corresponding to the partitions of integer N = 2n 1 + 6n 2 + 8n 3 + 12n 4 . So, the interactions in (3) have the only effect of modifying the degeneracy of the energies corresponding to the 4-dimensional isotropic harmonic oscillator part of the Hamiltonian (3).
3.3.
Ground state eigenfunction and Potential in τ variables. The ground state eigenfunction (4) and the original potential can be written in terms of the invariant variables (11) . After straightforward but sometimes rather tedious calculations we find that (4) is
(cf. (4)). The potential V rat
can be represented as
Thus, the original potential (3) is a rational (meromorphic) function in τ -variables. From the expressions (23) and (24), it is clear that the singularities of the potential are defined by the zeroes of the (ground state) factors P 1 (τ ), P 2 (τ ) (cf. (5)), and therefore they define the boundaries of the configuration space.
3.4. sl(2) quasi-exactly-solvable F 4 -invariant rational model. It can be shown [6] that the polynomial generalization of the potential V
where a, γ are real parameters, k is non-negative integer, µ, ν are given in (6), leads to the so-called sl(2) quasi-exactly-solvable F 4 -invariant rational Hamiltonian
This Hamiltonian has a single finite-dimensional invariant subspace P 
, where P k (τ 2 ) is a kth degree polynomial, and can be found algebraically. It can be easily checked that h
, is algebraic operator.
3.5. Particular integral. Let us consider a certain Euler-Cartan operator in τ -variables
and form
It is easy to check that i
is the space of zero modes for i
par (τ ). Hence, this operator commutes with both h rat
The operator i (k)
par is called a particular integral.
F 4 Trigonometric Model
The Hamiltonian of the quantum F 4 trigonometric model is given by
where g s , g ℓ are coupling constants assigned to the potential terms associated with short and long roots respectively. The configuration space is the F 4 -Weyl Alcove. The Hamiltonian (27) is invariant with respect to F 4 -Weyl group transformations. The parameter β (the inverse of the period) is a parameter introduced for convenience in such a way that
i.e. the rational model (without the harmonic oscillator term) is reproduced. If β → iβ, the Hamiltonian (27) becomes the Hamiltonian of the F 4 -invariant hyperbolic model. The ground state eigenfunction of the Hamiltonian (27) is given by
and the exponents µ, ν in the ground state eigenfunction (28) are connected to the coupling constants g s , g ℓ by the relations
The ground state eigenvalue is then
which can be written in terms of the deformed Weyl vector
All eigenfunctions ψ n (x) of the Hamiltonian operator (27) have a factorized form
The functions φ n (x) are eigenfunctions of the gauge rotated Hamiltonian operator defined by
The standard definition for the Weyl vector is ρ = where ǫ n = − 2 β 2 (E n − E 0 ). Let us introduce the Weyl-invariant trigonometric coordinates (see [7] )
where Ω a is the Weyl orbit generated by the fundamental weight ̟ a :
4 (34) ̟ 1 = e 4 , ̟ 2 = e 3 + e 4 , ̟ 3 = 1 2 (e 1 + e 2 + e 3 + 3e 4 ), ̟ 4 = e 2 + e 3 + 2e 4 .
The corresponding orbit sizes are |Ω a | = 24, 24, 96, 96 for a = 1, 2, 3, 4 respectively. The explicit form of variables τ a , a = 1, 2, 3, 4 is given at Appendix C. Changing variables {x} → {τ } we obtain the gauge-rotated Hamiltonian (32)
with coefficient functions (3e1 + e2 + e3 + e4), ̟4 = e1, (see [12] ). (32) in algebraic form (35) can be written as
with a, b = 1, 2, 3, 4 and g is determinant. The symmetric (in a ↔ b) metric, g ab = g ba has polynomial in τ matrix elements
This flat metric has a special property: any component g b of the vector g in (37) is also polynomial in τ
The same property has the vector C b (see (36)) which characterizes the interaction in (27)
−576ν − 24(µ + 8ν)τ 1 + 24(µ − 4ν)τ 2 − 48ντ 3 + 6(2µ + 3ν)τ 4 + 24ντ 1 2 + 4µτ 1 τ 2 . 
Thus, the unnormalized ground state eigenfunction (28) becomes
It is evident that the original potential of F 4 -invariant trigonometric model (27) can be written in terms of τ variables. The simplest way to do it is to invert the gauge rotation (32) with the ground state eigenfunction (39) of the algebraic operator (35). After quite sophisticated technically, tedious calculations we get Then, the F 4 -trigonometric potential written in τ -variables is a rational (meromorphic) function! From the structure of the potential given in (40) it is clear that the singularities of the potential are defined by the zeroes of the (ground state) factors P 1 (τ ), P 2 (τ ), and therefore they lie on the boundaries of the configuration space.
Exact Solvability (Invariant subspaces).
The Hamiltonian (35) has an infinite number of invariant polynomial subspaces
For fixed (p 1 , p 2 , p 3 , p 4 ) such invariant subspaces form a flag:
where, for simplicity in notations, we have denoted P (p 1 ,p 2 ,p 3 ,p 4 ) n = P n . The characteristic vector corresponding to the minimal flag is: (1, 2, 2, 3 
We can define a basis set of monomials
4 | n ∈ L + } , which is ordered according to the relation
The Hamiltonian (35) is triangular in this basis. Any eigenfunction can be marked by a dominant weight p being of the form
with energy (see [13] ):
where ̺ is the deformed Weyl vector (31). On the other side, the grading of the monomials τ p is defined as 1 p 1 + 2 p 2 + 2 p 3 + 3 p 4 (for the minimal flag). Eigenfunctions are labeled by the coordinates of leading dominant weight in (42) with an extra super-index labeling the grading n of invariant subspace (44) to which the eigenfunction belongs. The eigenfunctions from the spaces P (1,2,2,3 ) n , n = 0, 1, 2 are presented in Appendix D.
Conclusion
We revealed the algebraic-rational nature of the F 4 -invariant, rational and trigonometric models in the space of orbits. It is shown that the kinetic energy operator is the LaplaceBeltrami operator with metric with polynomial entries of zero Riemann tensor and the potential is ratio of two polynomials. We have obtained algebraic forms for the F 4 -invariant Hamiltonians, both rational and trigonometric, in terms of the Weyl invariants, polynomial and exponential, respectively. They are second order differential operators with polynomial coefficients. The both Hamiltonians preserve the same infinite flag of polynomial spaces marked by the characteristic vector (1, 2, 2, 3), indicating exact solvability. It turns out that for the trigonometric case a solution (formulas) for the Hamiltonian defined in the standard root space looks easier than one obtained in previous studies [4, 7] where the Hamiltonian was defined in the dual root space. It allows to unify the description of the F 4 -trigonometric model under the same systematic description as it was done for the G 2 , E 6,7,8 trigonometric models (see [7] ). Explicit examples of first polynomial eigenfunctions were presented for the rational and trigonometric models. We showed for the first time that both F 4 -invariant rational and trigonometric models have common particular integral in the space of orbits, which annihilates the invariant subspace. 
[0,1,0,0] = −2(1 + 5 ν + 3 µ) .
(ii) monomials: [ 
[0,0,1,0] = 8 6 µ 2 + 9 µ ν + µ + 8 ν 2 + 3 ν (3 ν + 2 µ + 1) (1 + 4 ν + 3 µ) + 6 µ 2 + 5 µ ν + µ + 2 ν 2 + ν µ (3 ν + 2 µ + 1) τ 1 +τ 2 + 1 12
[0,0,1,0] = −3(1 + 4ν + 3µ) . 
